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31. INTRODUCTION 
IN THIS paper a two-dimensional C” foliation of S7, previously announced in [l], is con- 
structed. The same technique is used to obtain foliations on compact manifolds which are 
principal fiber bundles over spheres. The sphere S7 has C” foliations of dimensions one 
and three, H. Hopf, six, H. B. Lawson, Jr. [2], four, A. Verjosky. It remains to be known if 
there is one of dimension five. Finally, it seems reasonable to expect that spheres S4n+3, 
n > 0 have two dimensional foliations. 
$2. FOLIATIONS OF MANIFOLDS WITH BOUNDARY 
Let RP be the p-dimensional Euclidean space with coordinates x = (xi, . . , x’). The 
half space HP is the subset of RP for which xp 2 0, and its boundary dHP is the subset of HP 
for which xp = 0. 8HP can be identified with RP-‘. Let W be an n-dimensional manifold with 
boundary d W. If U is an open subset of W then 8U will denote the intersection of U with dW. 
Definition 1. A codimension p tangent C’-foliation F of W is a family (6,: U, + V,}, 
where each 8, is a C’-submersion from an open subset U, of W onto an open subset V, 
of HP whose restriction from dU, onto 8V, is also a C’-submersion, and such that: 
1. {Cl,} is an open covering of W; 
2. For every pair of indices CI, p there exists a C’-diffeomorphism gam: Q,(U, n U,) -+ 
e,(u, n u,) such that es = gsm 0 e,, 
3. The family (0,: U, + V,} is maximal with respect to properties 1 and 2. 
LEMMA 1. Let F, be a codimension p tangent C’-foliation of Wi i = 1,2, andf: d W, + 8 W, 
a C’-diffeomorphism which maps leaves of F, onto leaves of F,. Then the foliations F, and 
F2 integrate to a codimension p C’-foliation F of W = W, u /W2. 
From now on all manifolds, maps, vector fields, and foliations will be C”. Let B be 
a manifold and X a non-vanishing vector field on B. The one-dimensional foliation of B 
given by the integral curves of X will be denoted by F(X). The following lemma whose 
proof appears in [l], plays an important role in the foliation of S7. 
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LEMMA 2. Let W be a compact manifold with boundary, B a closed q-dimensional 
manifold with zero Euler number and 4: W -+ B a submersion whose restriction 4, to d W is 
also a submersion. Then, gicen a non-canishing vector field X on B, there exists a cod q tangent 
foliation F[X] of W which restricted to d W is the pullback of F(X) under 4,. 
Example 1. Take W = Dp x B and 4: W + B the projection and consider a non- 
vanishing vector field X on B. Lemma 1 gives a p-dimensional tangent foliation of Dp x B 
whose leaves on the boundary dW = Sp-’ x B are of the form Sp-’ x y(x), where y(x) is 
the integral curve of X through .r, and leaves in the interior are diffeomorphic to RP. 
53. THE FOLIATION OF S’ 
PROPOSITION 1. There exists a C” two-dimensional foliation of S’. 
Proof. Consider the principal fiber bundle S3 --* S’ -+S3, see [3], and write S4 = D3 
x S’ u S2 x D’. Since the fibration on each piece is trivial, it follows that 
S7 = D’ x S’ x S3 u/ S2 x D2 x S3 
with f a diffeomorphism of S’ x S’ x S’ of the form (x, I’, z) + (x, y, 2.(x, v)z), where 
A: s2 x s’ + S3 is the clutching map of the fiber bundle. Now, take W =S2 x D2 x S3, 
B = S2 x S3, 4: W + B the projection and a vector field X on B constructed as follows. 
Let b, be a one-parameter subgroup of S3 acting on B by b,(x, z) = (x, z b,); then X is the 
vector field which corresponds to this action. Lemma 2 gives a C” 2-dimensional tangent 
foliation F[X] of S2 x D2 x S’. One can consider F[X] restricted to the boundary as given 
by an action of R2, namely (a,, b,)(x, y, z) = (x, y a,, zb,), where b, is as before and a, = e’“. 
Denote by Y, and 2, the vector fields on S2 x S’ x S3 induced by the restricted actions 
(a,, 6,) and (a,, b,), respectively. It is clear that [Y,, Z,] = 0. Now, consider S2 x S’ x S3 
as the boundary of D3 x S’ x S3 and there the conjugate action [a,, b,] =f-‘o(a,, b,) 05 
If we extend [a,, b,] to a locally free action of R2 on D3 x S’ x S3, then we can apply 
Lemma 1, and the proof will be finished. Let Y, and Z, denote the vector fields induced by 
the restricted actions [a,, b,] and [a,, b,], respectively. It is clear that [Yi , Z,] = 0. The 
following facts can be easily shown: Z, = Z, , and Y,(p) # - Y,(p) for every point p. Now, 
define vector fields Y and Z on D3 x S’ x S3 by: 
Z(tx, Y, z) = Zo(x, Y, z) 
Y(tx, Y, z) = (cos c(t)n/2)Y,(x, y, z) + (sin c(t)z/2)Yr(x, y, z) 
where c: [0, l] + R is a C” function with c(t) = 0 for 0 < t < l/3, c(t) = 1 for 2/3 < t < 1 
and c(t) 2 0 for every t. The vector fields Y and Z are linearly independent at every point 
and [Y, Z] = 0. Hence Y and Z define a locally free action of R’. This completes the proof. 
The technique used in the proof of Proposition 1 can be extended to produce foliations 
on principal fiber bundles over spheres. Proposition 2 as it appears now is a stronger version 
of the original one. I want to thank the referee for suggesting the change. 
PROPOSITION 2. Let G ---) P -+ S”, n 2 2, be a principalfiber bundle where G is a compact 
Lie group with a Lie subgroup H x T’ of dimension h + 1 and H is a closed subgroup. Then 
there exists a Cm(h + 2)-dimensional foliation of P. 
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Proof. Write P=D”-‘xS’XGU~S”-~ x D2 x G with f a diffeomorphism of 
S”-’ x S’ x G of the form (x, J, z) + (x, y, d(x, y)z), where i.: S”-* x S’ --+ G is the clutch- 
ing map of the bundle. We assume H x T’ is acting on G by right multiplication. Form the 
quotient q: G + M = G/H, and observe that the action of T’ on G induces a locally free 
action of T’ on M. Extend this action to Snm2 x M by ignoring the first factor and denote 
by X the corresponding vector field. Now, take W = .Ym2 x D* x G, B = Ye2 x M and 
c#I:W+B, I#I=P xq, where P:S”-~ x D2+S “-’ is the projection. Lemma 2 gives an 
(h + 2)-dimensional tangent foliation F[X] of W. The restriction of F[X] to 8Ii’ = S”-’ 
x S’ x G can be considered as given by an action of S’ x H x T’, namely (r, /?)(x, y, z) = 
(x, yr, z/?) with r E S’ and /? E H x T’. Now consider .Yw2 x S’ x G as the boundary of 
D”-’ x S’ x G and there the conjugate action [z, /3] = f -I I) (2, /?) of The proof ends in 
a similar way to that of Proposition 1. 
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